Recording of volume Bragg gratings (VBGs) in photo-thermo-refractive glass is limited to a maximum refractive index change about 0.002. We discuss various saturation curves and their influence on the amplitudes of recorded gratings. Special attention is given to multiplexed VBGs aimed at recording several gratings in the same volume. The best shape of the saturation curve for production of the strongest gratings is the threshold-type curve. Twophoton absorption as a mechanism of recording also allows increasing the strength of multiplexed VBGs.
INTRODUCTION
Volume Bragg gratings (VBGs) [1, 2] recorded in photothermo-refractive glass (PTRG) constitute a new set of optical elements. They are used for spectral combining of high-power laser beams [3] [4] [5] , for stretching and compression of ultrashort pulses [6, 7] , for mode stabilization of diode lasers [8] , for passive coherent beam combining [9] , and for narrowband filtering in different fields of spectroscopy [10, 11] . Many of these elements are multiplexed VBGs, that is, they contain several gratings with different spatial frequencies. Amplitudes of recorded gratings, both single and multiplexed ones, namely spatial Fourier components of recorded δnr, are limited due to the fact of saturation of refractive index change by the value Δn max . In the case of PTRG the value of jΔn max j in the best condition of recording and thermal development of VGBs is about jΔn max j ≈ 0.002.
Recording several volume holograms in the same volume has been studied theoretically and experimentally in [12] [13] [14] and numerous other works, with the purpose of data storage. Those studies were aimed to maximize the number of recorded holograms. The requirements for diffraction efficiency of each individual grating were not very stringent: the diffracted wave had to be detectable at the level of rather weak noise. Most of those data-storage works were discussing and implementing multiplexed recording in electro-optic photorefractive crystals. Those crystals do not have strong response to the pedestal of recording beam intensity [15] ; therefore only small spatial period (spatial AC) components of the illumination at recording were accounted for. As a result, the mean square average amplitude of spatial AC modulation grows as N p , where N is the number of gratings with independent periods and independent phases [13] .
The main application of PTRG-based VBGs, both single and multiplexed ones, is handling high-power beams, be they inside the laser cavity or outside it. Therefore the achievement of large diffraction efficiency via generating a strong spatial Fourier-component of refractive index modulation is of the essence. Exposure of the medium via single-photon absorption of interference patterns of a pair of coherent waves with identical intensities and identical polarization is assumed to be
The main feature of a PTRG-VBG is that the pedestal part (spatially uniform), U 1 , of the exposure counts with the same coefficient as the grating part (spatially periodic), U 1 cosq 1 r φ 1 . For a large degree of multiplexing, N ≳ 4, it is the saturation of the recording response by the sum of the pedestals, P j U j ∼ U 1 N, that is the crucial factor. Meanwhile, individual gratings, U j cosq j r φ j , have random phases, and their rms amplitude grows as U 1 N p . In this work we study theoretically the influence of saturation on recorded VBGs taking into account of the following factors:
(1) Normalized shape ρU of the saturation curve, that is, dependence of refractive index change upon total exposure Ur: δnr Δn max · ρUr.
(2) Number N of individual gratings intended to be recorded.
(3) Spatially average exposure hUi ≈ U 1 N due to pedestal.
SHAPES OF SATURATION CURVE ρUr δnr∕Δn max
As presented below, seven different shapes ρU chosen for our study are normalized in such a way that ρU → ∞ 1.
Besides that, the first five curves under consideration have the property ρU → 0 1 · U. The latter condition just means the choice of units of exposure. Here are the seven different shapes that we have considered:
By the saturation curve ρU we denote the function ρU in the relationship that we assume in our model: Figure 1 shows the graphs of those seven functions; we put them into two different pictures to reduce the clutter.
It should be emphasized that there is no experimental evidence that the recording in PTRG satisfies any particular saturation law. Some theoretical models of PTRG recording and development point to a power law, Eq. (3), as a rather plausible variant [2] . However, the purpose of this modeling work is to make predictions following from all seven hypotheses, Eqs. (1)- (7), with the aim of subsequent comparison with future detailed experiments.
MODELS OF EXPOSURE
We assume that an individual grating is recorded via the interference pattern of two coherent waves. Intensity in such an interference pattern is
For single-photon absorption, the exposure by N sequential interference patterns is
For definiteness we consider all N intensities U j to be the same: U j U 1 . Meanwhile the wave vectors q j and phases φ j are considered to be statistically independent random quantities in our model. For two-photon absorption of the recording pattern of interference we take
Note that relative modulation term at the "right" spatial frequency has increased by a factor of 4∕3. Besides that, Fig. 1 . Shapes of seven saturation curves under consideration. the second spatial harmonic appears in Ur for two-photon recording. Figure 2 illustrates Eqs. (1) and (3) and the spatial profile of the refractive index change for the case of N 16 independently recorded interference grating patterns with particular arbitrary values of q j and φ j . Spatially average exposure was chosen as U 1 N 2.25.
FOURIER COMPONENT TO BE CALCULATED
By the Fourier component of a VBG we denote the quantity
Here the trivial factor Δn max is omitted. The normalization coefficient 2∕V , with V being the integration volume, is chosen in such a way that for the first five curves of saturation ρ α U the value of F j is equal to U j at NU 1 ≪ 1. In actual calculations we used a one-dimensional integral over the interval length L, with normalization coefficient 2∕L:
The values of q j L were around 100 rad and more; q j were chosen to be mutually noncommensurate; and phases φ j were random within the interval 0; 2π. We successfully checked that if some particular component U k 1 cosq k x φ k was absent during recording, then the Fourier-component F k calculated by Eq. (13) was much smaller than those F j , whose U j 1 cosq j x φ j were actually present at recording. (1), (2), (5), and (7). The peak values of the F 1 peak and the corresponding exposure U 1 delivering that F 1 peak for all seven saturation laws are presented in the first pair of lines of Table 1 .
RESULTS FOR RECORDING OF SINGLE VBG
The qualitative conclusion is that sharper ρU curves yield larger values of F 1;peak . However, the difference between the largest F 1;peak for ρ heaviside U and the smallest F 1;peak for power law saturation constitutes only a factor around 1.85. The curves in Fig. 3 and the data in Table 1 were produced for a single-photon absorption model of recording. Corresponding data for the two-photon absorption model of recording are presented in Fig. 4 and Table 2. 6. MULTIPLEXED VBG WITH N 4;8;16;32, AND 64 GRATINGS Figure 5 shows the average Fourier component hF j i for j 1; 2; 3; 4 at single-photon recording of N 4 independent gratings, while Fig. 6 shows the same results for two-photon absorption. Figure 7 shows results for one-photon absorption for N 32 independent gratings. Again, as on Fig. 3 , we tried not to overburden the graph by keeping the curves for four laws of saturation only. The argument on the horizontal axis is the spatially averaged exposure U av NU 1 . Table 1 gives the peak values of average Fourier component F j (peak) and the spatially average exposure NU j ≡ NU 1 delivering that peak. Figure 8 and Table 2 provide similar information for the model of two-photon absorption.
DEPENDENCE OF PEAK FOURIER AMPLITUDE F j ON MULTIPLEXITY N: ANALYTIC CALCULATIONS AND NUMERICAL MODELING
Analytic calculations for a large number of individually recorded gratings may be done via the decomposition Ur NU 1 P N j1 U 1 cosq j r φ j for the single-photon case, so that
The values of the maxima of functions ξ∂ρ∕∂ξ are ξ∂ρ tanh ∕ ∂ξ max 0.448, ξ∂ρ arctan ∕∂ξ max 1∕π 0.38, ξ∂ρ power ∕∂ξ max 1∕40.25, ξ∂ρ exp ∕∂ξ max e −1 0.368, ξ∂ρ line 45 ∕∂ξ max 1; and ξ∂ρ line 60 ∕∂ξ max 2 at ξ tanh 0.776, ξ arctan 2∕π 0.637, ξ power 1, ξ exp 1, ξ line 45 1, and ξ line 60 1, respectively. The results of numerical modeling yield reasonable agreement with Eq. (14) at least for N ≥ 4.
Special attention should be paid to the case of the Heaviside function, ρ heaviside ξ, at ξ 0.5. The optimal value of NU 1 ξ opt is evidently ξ opt;heaviside 0.5, so that U 1 opt;heaviside 0.5∕N.
After that one should consider ux ≈ 0.5 r mx. Here mx U 1 cosq 1 x, and r is a random quantity, which is the result of adding all spatially oscillating parts of all the remaining sinusoidal profiles of the recording; that is, the other recorded gratings. The probability distribution W rdr , due to the central limit theorem, is well approximated by the Gaussian W rdr ≈ 2πσ 2 −0.5 exp−r 2 ∕2σ 2 dr, where σ 2 ≈ 0.5 NU 2 j . Taking into account the optimum U j 0.5∕N, the square of the standard deviation for r becomes σ 2 ≈ 1∕8 N. This means that the value of ρ st 0.5 r mx, averaged over fluctuations of r, approximately equals W 0mx mx 4 N∕π p . Further spatial averaging of cos 2 q 1 x yields a factor of 0.5, and taking into account U 1 ≈ 0.5∕N one gets the optimum multiplexed grating for the Heaviside response of a multiplexed VBG F j ≈ 1∕ πN p .
This result is also in reasonable agreement with numerical modelling at N ≫ 1.
In the case of two-photon recording the value of optimum ξ for different ρU curves should be equalized to N · 3U 2 1 ∕2 and
Again, numerical modeling at N ≫ 1 is in reasonable agreement with this extra factor 4/3 for two-photon recording. Quite interesting is the problem of cross-modulation gratings. Namely, if the recording profile contains, among others, the terms U j 1 cosq j x φ j and U k 1 cosq k x φ k , then a grating
is recorded. Again, at N ≳ 4 analytic expansion of ρU around U NU 1 allows us to predict
Thus the amplitude of "parasitic" cross-modulation gratings decreases as 1∕N 2 , if the spatial average exposure U 1 N is chosen to optimize the amplitudes of main gratings. Our numerical modelling with random phases φ j and φ k is in good agreement with analytical expression (16).
CONCLUSION
We have studied theoretically the recording of multiplexed VBGs with account of seven possible shapes of saturation curves. Optimum values of spatially averaged total exposure were found for each of those saturation curves and the corresponding Fourier amplitudes of individual gratings. For relatively large multiplicity, or number of gratings N ≳ 4, analytical formulae (14) through (15) , derived by us, are in good correspondence with the results of numerical modeling. In particular, the best amplitude of individual Fourier components goes down as const∕N, and values of that const are determined for each normalized saturation curve ρU on exposure U.
The qualitative conclusion is that sharper profiles of saturation curve ρU yield larger Fourier amplitudes at optimum exposure. Especially good would be a threshold-like profile ρU of the Heaviside function. A similar beneficial effect shows at sharper saturation due to two-photon recording. However, the price one should pay for this sharpnessprovided advantage is the necessity of more precise adjustment of spatially averaged exposure/development.
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